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Abstract Industrial Thrust Vector Control requirements for the VEGA launcher are
presented. It is shown how current stability robustness are met using classical mar-
gin analyses. Performance robustness is demonstrated using Monte Carlo simula-
tions on high fidelity flight test validated non-linear simulators that include complex
dynamics of all its components including the effects of the environments. The tra-
ditional validation and verification strategies are presented with respect to potential
improvements. A comparative analysis is given synthesizing the main Validation
and Verification improvements provided by novel techniques provided by the com-
panion papers.
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1 Introduction

The traditional framework of Verification and Validation (V&V) of the Thrust Vec-
tor Control (TVC) system design for the VEGA launcher entails the analysis of
both frequency domain requirements (i.e., stability margins) and time domain re-
quirements (i.e., maximum allowed values for lateral drift, aerodynamic loads, etc.).
These analyses are performed through nonlinear simulations using both probabilis-
tic and deterministic approaches.

The probabilistic approach consists in assessing the system performance through
Monte Carlo (MC) campaigns while in the deterministic approach the control sys-
tem is tested on a set of selected worst cases (WC). MC method consists in randomly
sampling the system uncertain parameters according to their probability distribution
and computing for all the samples the criteria involved in the considered require-
ment. The number of simulations required to check a specific requirement depends
on specified probability and confidence levels [1, 2]. MC techniques can provide
a very good insight of the design sensitiveness to parametric variations and allow
the exploration of the whole uncertainty domain. However, these techniques imply
a significant computational burden and might not be sufficiently accurate in case
the number of runs is limited for computational burden reasons. On the other hand,
WC approaches (also known as Vertex approaches since minimum/maximum val-
ues of the uncertainty parameters in the uncertainty parameter space are considered)
require a small computational effort [1]. The main drawback is represented by the
difficulty in defining proper worst cases when considering complex close-to-reality
models and the dimension of the problem is relatively high. Moreover, the proba-
bility of the occurrence of the considered worst cases is currently not considered
in the analysis. Hence, the current V&V process may incur in the risk of testing
the designed control system under too pessimistic assumptions and leading to an
unnecessary onerous re-design.

In order to overcome these limitations several methods are available in the liter-
ature. Both numerical and analytical approaches have been taken into account and
analyzed. Among the analytical approaches, µ-analysis [3, 4, 5] turned out to be
a very powerful tool to face the problem. Among the numerical methods, several
optimization techniques are available (i.e., genetic algorithms, differential evolu-
tions [6], Sequential Quadratic Programming [7], etc.). In addition to traditional
robustness analysis techniques, methods to estimate the probability associated with
a particular performance have also been studied. Among them, the Cross Entropy
(CE) method [8] can be used to directly compute the probability profile associated
to any criteria.

In this paper, the benefits coming from the inclusion of these techniques into the
V&V validation process for worst case detection are discussed.
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2 TVC system architecture and requirements

VEGA launch vehicle (LV) has several characteristics that must be considered dur-
ing the TVC tuning design phase:

• it is aerodynamically unstable during the atmospheric phase because the vehicle’s
center of pressure is above its center of gravity;

• system’s parameters (i.e., mass, center of gravity, and inertia (MCI), aerodynam-
ics, bending modes, etc.) vary significantly throughout the flight mission;

• the cylindrical body and low structural mass are sources of significant flexible
body dynamics.

The design of the TVC system shall ensure under these conditions stable response
to guidance commands while minimizing trajectory deviations.

2.1 TVC system architecture overview

The TVC law is a Proportional-Integral-Derivative (PID) controller with gains and
filters scheduled over the four stages to accommodate changing flight conditions.
The PID gains on attitude angle (i.e., pitch/yaw) were designed for rigid body per-
formance and stabilization, but also to provide as much frequency separation as
possible between the rigid body and expected first bending mode frequencies. For
the VEGA launcher first stage (i.e., P80) flight phase, the bending filters were de-
signed to phase stabilize the first bending mode and gain stabilize the upper modes.
For upper stages flight phases these filters gain stabilize all bending modes.

During first stage flight phase an anti-drift control law is added to the PID to
prevent vehicle drift and reduce aerodynamic load within the maximum dynamic
pressure region. Due to axial symmetry of the LV, the control is assumed to be the
same on each channel (i.e., yaw and pitch channels). The channels are assumed to
be uncoupled except in case of presence of roll rate when a compensation term is
added. The gyroscopic compensation is the same for both channels. On each channel
the inputs issued by Guidance are:

• the attitude error between measured attitude and commanded attitude;
• the drift normal/side velocity with respect to the reference trajectory;
• the quaternion (only for roll compensation).

As already mentioned, the controller gains are scheduled over the flight phases to ac-
commodate variations of flight parameters, especially in P80 phase where dynamic
pressure, MCI, thrust and structural properties highly varies.

Under the assumption that the LV time-varying dynamics and control system can
be frozen over a short period of time, the rigid controller and the filters are designed
to stabilize the full envelope of scattered cases in the selected frozen time.
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2.2 TVC system requirements

The design process of the TVC system shall take into account several design and
verification constraints both in time and frequency domain. Frequency domain re-
quirements represent the main driver for the control system design in terms of stabil-
ity performance. Once stability is assured, performance requirements are tested, i.e.,
the system is tested in time domain in order to assess the performance of the con-
trol system against various mission constraints. VEGA launcher main quantitative
requirements on control are:

• Stability requirements (computed in frequency domain through Nichols plot):
they shall be verified both in SISO and MIMO approach for each propelled phase
controlled by TVC. Specifications are given for low frequency (LF) gain rigid
margin, rigid phase margin, high frequency (HF) gain rigid margin, phase margin
of the first elastic mode if phase controlled, gain margins of the upper elastic
modes, gain margins of the sloshing modes. The definition of stability margins is
shown in Fig. 1;

• Drift minimization performance requirements: at lift off, avoidance of collision
with the Mast and thrust plume impingement on the launch pad; during the pro-
pelled phases to limit the lateral drift (both in position and velocity) in both pitch
and yaw planes;

• Load minimization performance requirements: to maintain the loads (expressed
as Qα , i.e., the product of dynamic pressure Q and angle of attach α) within a
given profile; to limit the transversal angular acceleration of the LV;

• TVC consumption performance requirement: to limit the consumption of TVC
actuators;

• Separation performance requirements: to limit kinematical conditions at each
stage separation (angular rates and attitude angles or angle of attack);

• Capture performance requirements: to limit the initial attitude error during cap-
ture manoeuvre just after each stage ignition. The required attitude and attitude
rate accuracy shall be recovered within a given response time.

3 Current validation and verification process

As already stated, the control system design is tested both in frequency and time do-
main. The time domain approach is the most straightforward: it consists of running
a 6-DoF complete simulator of the LV over a phase whose length in time depends
on the requirements to be verified (a full stage phase, a full mission, etc.). The fre-
quency domain approach only applies to a Linear Time Invariant (LTI) model. As
said above, a flight is in general not stationary and therefore a time frozen approach
is used for defining LTI model. Though constrained by these assumptions, the fre-
quency approach is useful and gives information about the system which can not be
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Fig. 1 Stability margins definition on Nichols plot. The red line represents the -3dB requirement
imposed or HF rigid and upper modes gain margin

provided by the time domain approach. For instance, unless they are close to insta-
bility, the elastic modes are hardly visible in time domain simulations, so that only
a frequency analysis allows to understand their behavior. The stability margins are
also well shown in frequency domain.

In addition, the V&V process can also be divided into two more branches: Worst
Case (WC) approach and Monte Carlo (MC) approach. The WC approach consists
in testing the GNC on a set of scattered configurations with the simulation param-
eters set at the limits of their uncertainty intervals (maximal or minimal). For in-
stance, a TVC control tuning will be assessed on cases so-called LF (corresponding
to the maximal dynamic pressure and minimal thrust) and HF (corresponding to the
minimal dynamic pressure and maximal thrust). This knowledge results from ex-
perience and from physical insight into the equations of the simplified system. The
MC approach consists in randomly sampling the parameters according to their sta-
tistical distribution and to deduce the values of criteria involved in the requirement.
This method is particularly useful when the dependence of the criteria versus the
parameters is not straightforward or monotonous or when the worst case approach
may result too conservative. In these cases the statistical approach allows the whole
domain exploration. Several requirements are defined specifying a certain probabil-
ity and confidence level. In this case the requirement verification shall be assessed
in terms of probability and therefore the MC method results to be the most natural
approach.

The performance assessment campaign can be described through two main steps.
In the first step, the approach is to design and validate separately:

• The GNC functions (Guidance, Navigation, TVC, RACS);
• The instants and phases of flight (P80, Z23, Z9, AVUM various boosts, long

coasting phases, stages separations);
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• The channels (pitch and yaw).

So, for example the tuning of the TVC control law is designed in frequency domain
on pitch channel and at the instant of maximum dynamic pressure. In the second
step, the validation is completed and confirmed by 6-DoF nonlinear simulations of
all the phases with the full GNC algorithms. This allows checking:

• integration of the GNC functions;
• succession of the phases;
• coupling between axes;
• nonlinear effects.

These steps can be inserted into a design loop; if a non-compliance is discovered
during the complete simulations, a redesign can be required.

The output of the frequency domain analysis are the rigid and bending stability
margins of the system. The rigid margins (i.e., LF gain, HF gain, and phase margin)
for P80 stage and a payload mass of 1800 kg are shown in Fig. 2. The requirements
are given as red lines. Once the tuning has been designed in frequency domain, the
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Fig. 2 Rigid stability margins definition for VEGA first stage flight phase

time domain analysis can be performed and all the performance requirements can
be tested. In Fig. 3, for instance, the conditions at separation on transversal angular
rate are tested; the red dashed line represents the requirement and dots above the red
line correspond to requirement violations.
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Fig. 3 LV transversal angular rate at P80 separation verification requirement

3.1 Current V&V process critical analysis

A critical analysis of the current V&V framework has been performed and some
gaps have been identified. At this purpose, two focal aspects are highlighted here-
after.

The completeness of the coverage configurations in terms of scattering domain
is a first issue. As already stated, the worst cases definition is mainly the results of
experience and physical insight into the equations of the simplified system. There-
fore, the WC approach might not be sufficient if the dependence between criteria
and parameters is nonlinear while in other cases it might imply the testing of the
control system under too pessimistic conditions. On this purpose, for example, the
system parameters are often considered as independent even if some correlation
among them exists and this leads to an uncertainty domain bigger than the real one.
On the other hand, the MC approach allows the whole domain exploration, but it
might not be sufficiently accurate if the number of runs is limited for computational
burden reasons.

The second issue is represented by the probability level associated with perfor-
mance. As far as a worst case is detected, the likelihood associated with the oc-
currence of this worst case shall also be provided. Conventional robustness analysis
techniques, in fact, often yield overly pessimistic worst case values. The re-design of
the control system based on this worst cases may not be justified whereas the likeli-
hood associated with the occurrence of the worst case is very low. MC approach can
provide statistical information about the risk associated with the worst case, but are
computationally expensive (especially for high fidelity models) if a large samples
population is used.
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The highlighted issues are currently under study with the aim of reviewing the
V&V process and include it in a structured work frame based on robustness analysis
techniques that will allow the definition of a set of worst cases to test the control
system that are:

• representative of the real uncertainty domain, not to be too conservative;
• characterized by a probability level associated with the occurrence of the worst

case conditions.

This improved process will avoid to test the control system under too pessimistic
conditions and re-design the controller in order to be compliant against too con-
servative worst cases that have low probability of occurrence. This is particularly
important in case of large close-to-reality models, as the re-design process may be
difficult and require high costs and resources.

At this purpose, not only classical conventional robustness techniques have been
considered but also probabilistic approaches have been taken into account. In the
following section the application of three methods (i.e., µ-analysis, optimization
algorithms, and Cross Entropy method) to the WC analysis problem and the related
benefits will be discussed. In particular, it will be shown how robustness analysis
techniques such as µ-analysis or optimization techniques can be used to improve
the process of worst cases detection. In addition, probabilistic approaches such as
the Cross Entropy (CE) method may provide direct estimation of the probability
associated with the occurrence of performance leading up to the worst case.

4 V&V improvements from other techniques

As stated in the previous section, the application of some robustness techniques to
worst case analysis problem have been studied.

µ-analysis is a very powerful techniques which relies on the Structured Singular
Value µ to assess worst case margins of the uncertainty system. Such a method is
applicable to linear models in the form of Linear Fractional Transformation (LFT).
This method is very powerful since can provide insight into the robustness properties
of the system. The main drawback is represented by the difficulty of generating
LFTs for high order models.

The optimization approach consists in appropriately search within the param-
eter space for a parameter combination which minimizes a stability/performance
measure (i.e., a stability margin such as the LF, HF, and phase margins or a per-
formance parameter such as the loads acting on the LV). The validation problem is
reformulated as a minimization problem defining appropriate cost and constraints
functions. According to the requirement taken into account, both single objective
(local, global and hybrid) as well as multi-objective optimization algorithms can be
used. Examples of optimization algorithms are Differential Evolution, Sequential
Quadratic Programming, Dividing rectangle and Genetic Algorithms [9].
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The Cross Entropy simulation method is an adaptive algorithm based on the im-
portance sampling techniques to estimate the probability of rare events in compli-
cated stochastic networks. Cross Entropy adaptively arrives at an optimal reference
parameter which biases the distribution such that the occurrence of the rare event
becomes more likely. This technique can be used to understand the probability of
the occurrence of a worst case.

4.1 µ-analysis of atmospheric control

In the frame of this work, µ-analysis has been firstly, in order to calibrate the
method, applied to the simple model for attitude control, represented by the fol-
lowing transfer function:

θ

β
=

K1
s2 −A6

(1)

where

• θ is the attitude error (pitch or yaw);
• β is nozzle deflection;
• K1 is the thrust efficiency to command a torque;
• A6 is the aerodynamic instability coefficient.

A nominal value of A6nom = 3 and K1nom = −5 has been considered for the insta-
bility and thrust efficiency coefficient, respectively. A 20% uncertainty with respect
to the nominal value has been imposed on A6 coefficient and a 10% uncertainty has
been imposed on K1 coefficient.

The simulation results are shown in Fig. 4. In the upper part of the figure, the
upper and lower µ-bounds are plotted versus frequency in black and in red, re-
spectively. The frequency range [10−2,102]rad/s corresponds to the bandwidth of
interest for the LV control. The robust stability margin is the reciprocal of the struc-
tured singular value: the frequency where the µ upper bound peaks correspond to
the critical frequency of the systems in terms of stability. In this case, the upper
bound is smaller than one and therefore the analyzed system is stable.

In addition, for each frequency the set of worst parameters leading to instability
are plot in percentage with respect to nominal value. The bounds of the graphs are
set to -1 and +1 corresponding to -100%, +100% of the uncertain interval respec-
tively. For the considered LV model, the LF gain margin (reached at s = 0) results to
be simply KψSK1/A6. In Figure 5, the comparison between the Nichols plot corre-
sponding to the nominal and worst case is presented. µ-analysis have been applied
to more complex models (considering the complete LV dynamics and the full con-
troller) in order to obtain at each frequency:

• the parameters that have the most significant impact on launch vehicle stability;
• the budget of parameters uncertainties that contributes to the system instability;
• the worst stability margins (i.e., true margins for given assumptions on parame-

ters;
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On the contrary, the current V&V approach based on Monte Carlo simulations pro-
vides results with a poor insight into the problem: once a worst case is detected it
is difficult to extract a budget of the most relevant uncertainties or the certainty that
the worst case found is the real worst case (the result strongly depends on the pop-
ulation sampling). Moreover, no information of the worst case along the frequency
spectrum is provided. µ-analysis approach can solve this issues.

Since the parameters uncertainty set is defined before the µ-analysis is performed
(it is a preliminary separate phase), it is possible to study different sets and different
uncertainties combinations. For instance it is possible to study both the case of un-
correlated (as done in the previous example for A6 and K1 parameters) or correlated
uncertainties in order to detect whenever it is important to model and consider the
correlation between parameters.
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Moreover, the method allows the development of a modular tool characterized
by different accuracy levels. Thanks to the property of LFT, it is easy to combine
hierarchically uncertain subsystems (for instance TVC actuator). It is possible to
build a rough model considering few uncertainty parameters in order to have a global
overview of the system stability or to introduce more accurate LFTs in order to
perform more detailed and accurate studies.

4.2 Worst case optimization analysis of atmospheric control

Optimization techniques also represent a methodology that can be applied to detect
worst cases for a selected criterion and help the user to understand which uncertain-
ties have more impact on a selected requirement. In the frame of this work, a dedi-
cated analysis has been performed considering the loads induced by aerodynamics
acting on the LV. The corresponding requirement verified in the current V&V pro-
cess states that the control function shall assure LV controllability and keep the
aerodynamic induced incidence to values compatible with the Qαreq envelope as re-
ported in Figure 6 (where Q is the dynamic pressure and α the LV angle of attack).
This requirement has great relevance when considering TVC system performance
and therefore has been chosen as a benchmark requirement for the description of the
method adopted for the detection of worst case conditions. The optimization prob-
lem has been considered as a minimization problem of the following cost function:

γ =−max
(

Qα

Qαreq

)
(2)

and a differential evolution [9] has been used as core technique of the optimization
algorithm. The analysis has been performed on the mission described in Table 1.

Table 1 Trajectoy details for optimization-based worst case analysis

Perigee Altitude Apogee Altitude Inclination PL mass

[km] [km] [deg] [kg]
700 700 5.2 1952

Various parameters have significant impact on Qα performance and, in particular,
MCI, TVC, propulsion, aerodynamics and atmosphere properties. Several analyses
have been performed considering all these uncertainty parameter sets and consid-
ering different winds. In this paper we will report the simulation results obtained
considering propulsion uncertainty (i.e., uncertainty on combustion time and spe-
cific impulse) and a worst wind (i.e., a wind known to be worst in terms of general
loads). In Figure 7, the distribution of parameters which produce rather bad solu-
tions (less than 5% of worst case criterion) is shown in black and the obtained worst
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case is shown in red. As expected, the worst case corresponds to a case where the
combustion time is minimum and the specific impulse is maximum. In Figure 8,
the Qα plot for all the iterations is shown. The value of the cost function for the
worst case is γ = 0.9526. A value smaller than one means no requirement violation
is found. Other analyses have been done considering bigger uncertainty sets and
different winds. The corresponding results are presented in Table 2 in terms of cost
function. As it is possible to infer from the table, different violations have been
found. The optimization-based worst case technique allows not only the detection
of requirement violations, but also the definition of the influence that each class of
parameters have on Qα value.

In conclusion, optimization-based worst case methods are a powerful tool to de-
tect worst cases and to build a budget of the uncertainties that contribute to require-
ment violation.

Table 2 Worst cases for different worst winds considering the complete set of uncertainties

Wind label Worst case value

01_1993_09_12_005.wind 1.2595
02_1991_26_12_005.wind 1.6367
03_1991_29_12_005.wind 1.3592
06_1991_12_12_004.wind 1.0566
07_2005_03_12_004.wind 1.5541

Nowind 0.8826
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Figure 8: Q*alpha vs Mach simulation results 
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Fig. 8 Qα vs number from simulations to be compared with gabarit

4.3 Cross Entropy method for WC of atmospheric control

Some of the worst cases found in the frame of this analysis have been tested using
CE method in order to extract the performance probability profile. Fig. 9 provides
the probability functions of the cost function γ for different wind profiles as esti-
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mated through the CE method. This kind of results are of fundamental importance
to improve the current V&V process, providing information on how likely the worst
case under study is.

Results
Discussions
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5 Conclusions

In this paper the current Validation and Verification process for VEGA launcher
TVC control system design has been presented. The criticalities of the current
method are:

• the difficulty in defining proper worst cases when considering complex close-to-
reality models;

• the high computational burden implied by Monte Carlo techniques;
• the lack of information about the probability of occurrence of the considered

worst cases.

Several techniques such as µ-analysis, optimization algorithms, and cross entropy
methods have been proposed as good methods to tackle the problem. The benefits
provided by µ-analysis have been tested on the simple but significant case of LV
attitude control where it has been demonstrated that with this method it is possible
to obtain at each frequency:

• the parameters that have the most significant impact on launch vehicle stability;
• the budget of parameters uncertainties that contributes to system instability;
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• the worst stability margins (i.e., true margins for given assumptions on parame-
ters).

Optimization-based worst case detection methods have been applied to find worst
case conditions for the case of structural loads induced by aerodynamics on the
launch vehicle during atmospheric flight. These techniques allow the user to build a
budget of the uncertainties that contribute to requirement violation giving an impor-
tant insight on the physical problem.

Cross entropy has been applied to some of the cases studied with the optimiza-
tion algorithm. The simulation results provide the probability performance profile
of the selected criterion. The introduction of such information would be extremely
beneficial if introduced into the current V&V validation process.
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