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Analysis Objective

Goal:Assess the robustness of linear tiwarying (LTV)
systems on finite horizons.

Approach:Classical Gain/Phase Margins focus on (Infinit
horizon) stability and frequency domain concepts.

Closed-Loop with ||d|| <=5

Instead focus on:

A Finite horizon metrics, e.qg.
Induced gains and reachable sel -

A Effect of disturbances and mode < ©
uncertainty (Bscales, IQCsfc).

A Timedomain analysis conditions
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Two-Link ‘Robot  Arm

Nonlinear dynamics [MZS]:

/) —  "Q-hthQ
2 / ~ Where
- [—p"—ph—h—] Y
L A h Te
Q %h Qn

S f andd are control torques and
Two-Link Diagram [Mzs]  disturbances at the link joints.

[MZS] R. Murray, Z. Li, andSastryA Mathematical Introduction to Robot Manipulatiof994
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Nominal Trajectory (Cartesid@@oords)

Two Link Robot at t=0sec

Two Link Robot at t=1sec

Two Link Robot at t=2sec
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Two Link Robot at t=5sec
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Two Link Robot at t=4sec
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Two Link Robot at t=3sec
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Effect of Disturbances!/ Uncertainty
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Overview of Analysis‘Approach

Nonlinear dynamics:
- "Q-hthQ
Linearize along a (finitchorizon) trajectory(—fitAQ 1)
w 00w 006 0o6(Q
Compute bounds on the terminal stax€T)or other quantity
e(T) = C x('Bccounting for disturbances and uncertainty.

Comments:
A The analysis can be for °
open or closedoop. 9 _ S

A LTV analysis complements
the use of Monte Carlo K |e
simulations.
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Outline

A Nominal LTV Performance
A Robust LTV Performance
A Examples

A Conclusions
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Finite-Horizon LTV Performance

FiniteHorizon LTV Syste@defined on [0,T]
t(t) = A(t)z(t) + B(t)d(t)
e(t) = C(t)x(t) + D(t)d(t)

Induced L Gain

lell2.10.7
Gl 01 ::sup{ 2107 | 2(0) = 0,0 £ d € Lo o1
dl|2,j0,17
L,-to-Euclidean Gain
el
60y 1= sup { L2 a0) = 0,0 £ d € L0
|20, 77

The L-to-Euclidean gain requird3(T)=0Qo be wellposed.

The definition can be generalized to estimate ellipsoidal bounds o
the reachable set of states at
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General (Q,S,R,F) Cost
Cost functionJdefined by(Q,S,R,F)

T T
T 017 [ @) 5@ 7 [«
J(d) == 2(T)T Fa(T) + /0 [ d(t)} { i Rm] [ d(t)} dt

Subject to: LTV Dynamics wir(0)=0

Example: Induced,IGain
Select(Q,S,R,Bs:
Q(t) :=Ct)'C(t), S(t) :== C(t)TD(t), R(t) :== D(t)I D(t) — 4*I,,,, and F := 0.
Cost Functiodis:
J(d) = llellz, o, — ¥4Iz 0,7

m) J(d) <0 for all d € £5[0,T] if and only if |Gll2.10,77 < 7-
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General (Q,S,R,F) Cost
Cost functionJdefined by(Q,S,R,F)

T T
T 017 [ @) 5@ 7 [«
J(d) == 2(T)T Fa(T) + /0 [ d(t)} { i Rm] [ d(t)} dt

Subject to: LTV Dynamics wir(0)=0

Example: J-to-Euclidean Gain
Select(Q,S,R,Bs:
Q(t) :=0, S(t) :== 0, R(t) :== —?I,,, and F := CT(T)C(T).
Cost Functiodis:
J(d) = lle(T)llz = ¥*Ildll3, 0,7

m) J(d) <0 for all d € £,[0,T] if and only if |Gl e 0,1 < -
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Strict Bounded Real Lemma

This is a generalization of results contained in:

*Tadmor Worstcase design in the time domaiklCSS1990.

*Ravi,Nagpal andKhargonekard, control of linear timevarying systemsSIAM JC(1991
*Green andLimebeerLinear Robust Contrdl995.

*Chen and Tu. The strict bounded real lemma for linear tuag/ing systems. JMAA, 2000.
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