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Analysis Objective

Goal:Assess the robustness of linear time-varying (LTV) 
systems on finite horizons.

Approach:Classical Gain/Phase Margins focus on (infinite 
horizon) stability and frequency domain concepts. 
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Instead focus on:

ÅFinite horizon metrics, e.g. 
induced gains and reachable sets.

ÅEffect of disturbances and model 
uncertainty (D-scales, IQCs, etc).

ÅTime-domain analysis conditions.
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Two-Link Robot Arm
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Nonlinear dynamics [MZS]:
– Ὢ–ȟ†ȟὨ

where

– —ρȟ—ρȟ—ςȟ—ς
Ὕ

† †ρȟ†ς
Ὕ

Ὠ ὨρȟὨς
Ὕ

tand d are control torques and 
disturbances at the link joints.

[MZS] R. Murray, Z. Li, and S. Sastry. A Mathematical Introduction to Robot Manipulation, 1994.

Two-Link Diagram [MZS]
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Nominal Trajectory (Cartesian Coords.)
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Effect of Disturbances / Uncertainty
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Cartesian Coords. Joint Angles
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Overview of Analysis Approach
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Nonlinear dynamics:
– Ὢ–ȟ†ȟὨ

Linearize along a (finite ςhorizon) trajectory Ӷ–ȟӶ†ȟὨ π
ὼ ὃὸὼ ὄὸό ὄὸὨ

Compute bounds on the terminal state x(T)or other quantity 
e(T) = C x(T)accounting for disturbances and uncertainty.

Comments:

ÅThe analysis can be for 
open or closed-loop.

ÅLTV analysis complements 
the use of Monte Carlo 
simulations.
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Outline

ÅNominal LTV Performance

ÅRobust LTV Performance

ÅExamples

ÅConclusions
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Finite-Horizon LTV Performance
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Finite-Horizon LTV System Gdefined on [0,T]

Induced L2 Gain

L2-to-Euclidean Gain

The L2-to-Euclidean gain requires D(T)=0to be well-posed. 

The definition can be generalized to estimate ellipsoidal bounds on 
the reachable set of states at T.
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General (Q,S,R,F) Cost

Cost function Jdefined by (Q,S,R,F)

Example: Induced L2 Gain
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Subject to: LTV Dynamics with x(0)=0

Select (Q,S,R,F)as:

Cost Function Jis:
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Strict Bounded Real Lemma
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This is a generalization of results contained in:
*Tadmor, Worst-case design in the time domain. MCSS, 1990.

*Ravi, Nagpal, and Khargonekar. Hқcontrol of linear time-varying systems. SIAM JCO, 1991.

*Green and Limebeer. Linear Robust Control, 1995.

*Chen and Tu. The strict bounded real lemma for linear time-varying systems. JMAA, 2000.


